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Effects of the interplay between initial state and Hamiltonian on the thermalization of isolated
quantum many-body systems
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1Department of Physics, Yeshiva University, New York, New York 10016, USA
We explore the role of the initial state on the onset of thermalization in isolated quantum many-body systems
after a quench. The initial state is an eigenstate of an initial Hamiltonian HˆI and it evolves according to
a different final Hamiltonian HˆF . If the initial state has a chaotic structure with respect to HˆF , i.e., if it
fills the energy shell ergodically, thermalization is certain to occur. This happens when HˆI is a full random
matrix, because its states projected onto HˆF are fully delocalized. The results for the observables then agree
with those obtained with thermal states at infinite temperature. However, finite real systems with few-body
interactions, as the ones considered here, are deprived of fully extended eigenstates, even when described by a
nonintegrable Hamiltonian. We examine how the initial state delocalizes as it gets closer to the middle of the
spectrum of HˆF , causing the observables to approach thermal averages, be the models integrable or chaotic.
Our numerical studies are based on initial states with energies that cover the entire lower half of the spectrum
of one-dimensional Heisenberg spin-1/2 systems.
PACS numbers: 05.30.-d, 05.45.Mt, 05.70.Ln,75.10.Jm, 02.30.Ik
I. INTRODUCTION
Experiments in optical lattices have enhanced the interest
in the nonequilibrium dynamics of isolated quantum systems
[1, 2]. New life has been brought, for example, to the old pur-
suit of deriving thermodynamics from first principles. One of
the main questions in this context refers to the conditions for
an isolated quantum system initially far from equilibrium to
reach thermal equilibrium. How decisive are regimes, initial
states, and observables? What is universal?
A general picture has been developed associating chaos
with the onset of thermalization [3–11], but several exam-
ples have been promoted as violations of this picture. Cases
have been presented of chaotic Hamiltonians where thermal-
ization was not observed for certain initial states [12–16] and
of integrable systems where thermalization appeared to be
reached [17–22].
It is important to emphasize that the mere appearance of
signatures of chaos associated with the bulk of eigenvalues,
such as level repulsion or rigidity [23], is not sufficient for
the onset of thermalization for any initial state. Real systems
have few-body and usually short-range interactions. Contrary
to full random matrices, their density of states has a Gaussian
shape [24, 25] and their delocalized eigenstates are restricted
to a region close to the middle of the spectrum [6, 7, 26–28].
If the initial state has energy close to the edges of the spec-
trum, the main contributions to its evolution may come from
localized eigenstates, and thermalization may not occur.
In full random matrices, the eigenstates are completely ex-
tended pseudo-random vectors. In real chaotic systems, even
in the middle of the spectrum, the eigenstates are limited
by the energy shell and their components may show corre-
lations [29]. Yet, if the initial state is close to the middle of
the spectrum, thermalization is expected to happen. Thermal-
ization requires a substantial sampling of delocalized eigen-
states, but the latter do not need to be completely extended.
It is then natural to presume that thermalization could happen
also for integrable Hamiltonians with delocalized eigenstates,
provided the initial state be nearly chaotic.
The reasoning above shows a change in perspective with
respect to the condition for thermalization, putting emphasis
also on the initial state rather than on the regime of the Hamil-
tonian only. In the case of an integrable system, it was shown
that the quasi-particle number operator behaves thermally for
a thermal (mixed) initial state at sufficiently high tempera-
ture [20]. Subsequently, it was argued that this would hold
only for infinite temperature [21]. For a pure initial state cor-
responding to an eigenstate of an arbitrary Hamiltonian, it was
supported that thermalization could happen if this Hamilto-
nian was chaotic [19, 22, 30], but not if it was integrable [22].
Notice, however, that the initial states considered in [22] were
not very close to the middle of the spectrum.
As we stress in this work, an important factor for thermal-
ization is the structure of the initial state with respect to the
Hamiltonian that evolves it. Thermalization is assured for any
initial state that fills the energy shell ergodically. In this case
its coefficients become uncorrelated random variables follow-
ing a Gaussian distribution [31–34]. Any eigenstate from a
full random matrix projected on the energy eigenbasis of a
delocalized system falls in this category. In fact, such states
are similar to thermal states at infinite temperature [35, 36].
The main question is then how close to such scenario of ran-
dom vectors does an initial state need to be for the viability of
thermalization.
We explore this idea in the context of quenches. The sys-
tem is initially in an eigenstate of an initial Hamiltonian. A
parameter is instantaneously changed, which leads to a differ-
ent final Hamiltonian and starts the system evolution. Four
quenches are considered: from an integrable to a chaotic
Hamiltonian and vice versa, and from an integrable interact-
ing Hamiltonian (nonmappable to a noninteracting model) to
an integrable noninteracting Hamiltonian and vice versa. We
analyze how the structure of the initial state changes as it
approaches the middle of the spectrum of the final Hamilto-
nian. In finite systems with few-body interactions, this state
will never be completely extended, not even when one of the
Hamiltonians involved in the quench is chaotic. We study how
2close to the center of the spectrum one needs to go for nearly
chaotic initial states to emerge and if any of the quenches pre-
cludes their existence.
The system considered is a one-dimensional lattice of
spins-1/2. For each quench, we examine initial states with en-
ergies ranging from very close to the ground state to very close
to the middle of the spectrum. As the initial state approaches
the center of the spectrum, the results for the observables get
less dependent on position and momentum. Independently of
the Hamiltonian, the results move toward those from thermal
averages, although not so clearly for all observables. Whether
this picture will hold in the thermodynamic limit requires scal-
ing analysis, which is currently unfeasible for systems with
interactions, where only small system sizes are available.
This paper is organized as follows. Section II discusses the
conditions for thermalization in isolated quantum systems. In
Sec. III, we introduce the concept of energy shell as employed
here and how to quantify the level of delocalization of the ini-
tial state. Section IV describes the model and quenches in-
vestigated. SectionV shows the numerical results and finishes
with a general discussion. Concluding remarks are presented
in Sec. VI.
II. THERMALIZATION AFTER A QUENCH
The unitary time evolution of an isolated quantum system
out of equilibrium is given by
|Ψ(t)〉 = e−iHˆFt|Ψ(0)〉 =
∑
α
C iniα e
−iEαt|ψα〉. (1)
Above and hereafter, ~ is set to 1. The initial state |Ψ(0)〉 =
|ini〉 is as an eigenstate of an initial Hamiltonian HˆI. The dy-
namics is caused by the sudden change (quench) of some pa-
rameter(s) of this Hamiltonian in a time interval much shorter
than any characteristic time scale of the model. This results
in the final Hamiltonian HˆF with eigenvalues Eα and eigen-
states |ψα〉 6= |ini〉. The coefficients C iniα = 〈ψα|ini〉 are the
overlaps of the initial state with the eigenstates of HˆF.
The dynamics of the expectation value of an observable Oˆ
is computed as
〈Oˆ(t)〉 = 〈Ψ(t)|Oˆ|Ψ(t)〉
=
∑
α
|C iniα |2Oαα +
∑
α6=β
C ini*α C
ini
β e
i(Eα−Eβ)tOαβ ,
(2)
where Oαβ = 〈ψα|Oˆ|ψβ〉 corresponds to the matrix elements
of Oˆ in the energy eigenbasis. In the absence of too many
degeneracies, Eα 6= Eβ for most states, the off-diagonal ele-
ments of 〈Oˆ(t)〉 oscillate very fast and cancel out on average,
so the infinite time average is given by
O = lim
t→∞
1
t
∫ t
0
dτ 〈Oˆ(τ)〉
=
∑
α
|C iniα |2Oαα ≡ 〈Oˆ〉DE. (3)
Since the steady state average depends only on the diagonal
elements of Oˆ, it is commonly referred to as the prediction
from the diagonal ensemble (DE) [11].
Thermalization implies that the expectation value of the ob-
servable is close to the thermal average most of the time. This
holds under two essential conditions:
(1) The fluctuations of 〈Oˆ(t)〉 about the infinite time aver-
age are small and vanish in the thermodynamic limit. We can
then talk about equilibration in a probabilistic sense. The rate
of decay of these fluctuations with system size depends on the
system investigated [36–43]. The important fact for us here
is that for the models we study the temporal fluctuations are
indeed small and should vanish for very large systems [36].
(2) The infinite time average and the thermal average are
very close in finite systems and eventually coincide in the ther-
modynamic limit,
〈Oˆ〉DE = 〈Oˆ〉ME. (4)
Above,
〈Oˆ〉ME ≡ 1NEini,∆E
∑
α
|Eini−Eα|<∆E
Oαα (5)
is the average obtained with the microcanonical ensemble,
which is the appropriate ensemble when dealing with iso-
lated systems. Eini is the mean energy of the initial state
and NEini,∆E stands for the number of energy eigenstates in
the window ∆E. This window is sufficiently small compared
with the energy spectrum, but large enough to contain many
energy states.
The DE depends on the initial state via the components
|C iniα |2, while the ME depends only on the energy. For ini-
tial states narrow in energy [44], two scenarios may lead to
the proximity between the two ensembles:
(1) The eigenstate expectation value of the observable,
Oαα, is a smooth function of energy. When the values of Oαα
do not fluctuate for states close in energy, the result from a sin-
gle eigenstate inside the microcanonical window agrees with
the microcanonical average. This is the point of view of the
eigenstate thermalization hypothesis (ETH) [3, 4, 11, 45–47],
which certainly holds when the eigenstates of the system are
random vectors. Computing Oαα with one or another ran-
dom state leads to very similar results. However, for realistic
chaotic systems, one needs to be careful with the region of
the spectrum that is considered. As mentioned before, nearly
chaotic eigenstates are not ubiquitous to chaotic systems with
few-body interactions. They are found away from the edges
of the spectrum and the exact region of their predominance
depends on the strength of the interaction.
(2) The coefficientsC iniα ’s behave as random variables. This
happens when the initial state fills the shell. The fluctuations
of the coefficients become uncorrelated with possible fluctua-
tions of Oαα. In Eq. (3), we can then deal with the average of
|C iniα |2 [8, 48, 49].
If the energy shell is filled and ETH is satisfied through a
chaotic HˆF , it is hard to identify which of the two conditions
is the main condition for thermalization. However, if HˆF is
3integrable, then it is certainly the filling of the shell [condition
(2)] that allows for thermalization.
III. ENERGY SHELL
The notion of energy shell is often used in quantum chaos.
The usual procedure in the field is to separate the total Hamil-
tonian in an unperturbed part, which describes the noninter-
acting particles (or quasi-particles), and a perturbation, which
represents the inter-(quasi-)particle interactions and may drive
the system into the chaotic domain. The Hamiltonian matrix is
written in the basis corresponding to the unperturbed vectors,
which constitute the mean-field basis.
A mean-field basis vector |n〉 projected on the eigenstates
|ψα〉 of the total Hamiltonian is written as
|n〉 =
∑
α
Cnα |ψα〉.
The smoothened distribution of the components |Cnα |2 in the
eigenvaluesEα is known as the strength function or local den-
sity of states [50]. The energy shell corresponds to the max-
imal strength function obtained in the limit of a very strong
perturbation, that is when the mean-field part can be neglected
in comparison with the perturbed part. The energy shell has
a Gaussian shape in the center of the spectrum and delimits
the maximum possible spreading of the mean-field basis vec-
tors in Eα , as well as the maximum level of delocalization
of |ψα〉 in the energies of the mean-field basis vectors. Away
from the middle of the spectrum, the distribution of |Cnα |2 in
Eα becomes skewed to the left (right) when |n〉 has low (high)
energy [51].
The level of delocalization of the states increases with the
perturbation, but they do not become totally extended as the
eigenstates of full random matrices. When dealing with real-
istic systems of few-body interactions, a completely chaotic
state is defined as a state that fills the energy shell [31–34].
We bring the concept of chaotic states in connection with
the energy shell to our studies of quantum many-body systems
after a quench. The unperturbed part of the Hamiltonian now
coincides with HˆI , and the total Hamiltonian is HˆF . The latter
is written in the basis corresponding to the eigenstates of the
initial Hamiltonian. The maximum possible spreading of an
initial state with energy in the middle of the spectrum is given
by a Gaussian centered at
Eini = 〈ini|HˆF|ini〉 =
∑
α
|C iniα |2Eα (6)
and of variance
σ2 =
∑
α
|C iniα |2
(
Eα − Eini
)2
=
∑
n
〈ini|HˆF|n〉〈n|HˆF|ini〉 − (Eini)2
=
∑
n6=ini
|Hini,n|2.
(7)
The variance of the energy shell corresponds to the energy
distribution of the initial state. It depends only on the sum of
the square of the off-diagonal elements of the final Hamilto-
nian [8]. The values ofEini and σ are straightforward to obtain
when HˆI is already in a diagonal form or trivially solved [36].
A. Delocalization of the initial state and thermal properties
To quantify the level of delocalization of the initial state we
use the inverse participation ratio,
IPRini =
1∑
α |C iniα |4
. (8)
If the initial state is an eigenstate of a full random matrix, it
is maximally delocalized. If the matrix comes from a Gaus-
sian orthogonal ensemble (GOE) [23], its projection on the
eigenstates of the systems we study here is again a GOE-type
of vector, with probability amplitudes from a normal distribu-
tion. In this case, IPRini ∼ D/3 [52], where D is the dimen-
sion of the Hamiltonian matrix. If the eigenstate comes from
a Gaussian unitary ensemble (GUE), the projection is again a
GUE-vector and, as we verified, IPRini ∼ D/2. Both states
fill the energy shell ergodically.
It has been shown that a state corresponding to a ran-
dom superposition of Ising states manifests thermal features.
Specifically, the results for local observables led to the same
outcomes obtained with a mixed state at infinite tempera-
ture [35, 53, 54]. The state is constructed so that the probabil-
ity amplitudes of the basis vectors have all the same absolute
value, 1/
√D, but differ by a random phase ei2piϕ, where ϕ
is a uniformly distributed random variable in [0, 1). We have
checked that the projection of such a state onto the eigenstates
of our spin-1/2 Hamiltonians leads to vectors very similar to
GUE eigenstates, with IPRini ∼ D/2.
We therefore infer that an initial state with C iniα randomly
distributed, as the coefficients of eigenstates from full random
matrices, have properties similar to those of thermal states at
infinite temperature. This is expected, since on average |C iniα |2
equals 1/D. We have indeed confirmed that, for the observ-
ables studied here, when the initial state is an eigenstate from
a GOE,
〈Oˆ〉DE ∼ 〈Oˆ〉T→∞, (9)
where T → ∞ indicates the result for a thermal state ρ at
infinite temperature, ρ =
∑
α |ψα〉〈ψα|/D.
The initial states considered in this paper come from Hamil-
tonians which, as those from GOE’s, are real and symmetric.
But since our HˆI and HˆF have only two-body interactions,
none of our initial states can reach maximum delocalization
with IPRini ∼ D/3. This does not discard, however, the pos-
sibility of having infinite time averages approaching micro-
canonical averages.
4IV. MODEL AND QUENCHES
We consider a one-dimensional system with open boundary
conditions composed of L coupled spins-1/2 and described by
the Hamiltonian,
Hˆ = Hˆz + HˆNN + λHˆNNN, (10)
where
Hˆz = ǫSˆ
z
1
HˆNN = J
L−1∑
i=1
(
Sˆxi Sˆ
x
i+1 + Sˆ
y
i Sˆ
y
i+1 +∆Sˆ
z
i Sˆ
z
i+1
)
,
HˆNNN = J
L−2∑
i=1
(
Sˆxi Sˆ
x
i+2 + Sˆ
y
i Sˆ
y
i+2 +∆Sˆ
z
i Sˆ
z
i+2
)
.
Above, Sˆx,y,zi are spin operators acting on site i. Hˆz indicates
the presence of a defect on the first site of the chain. It is gen-
erated by applying a magnetic field in the z-direction, which is
slightly larger than the magnetic field on the other sites. The
coupling between nearest neighbors (NN) is given by HˆNN,
which contains the flip-flop term Sˆxi Sˆxi+1 + Sˆ
y
i Sˆ
y
i+1 and the
Ising interaction Sˆzi Sˆzi+1. HˆNNN describes the coupling be-
tween next-nearest neighbors (NNN). ∆ is the anisotropy pa-
rameter and λ refers to the ratio between NNN and NN ex-
change, and both are assumed positive. The exchange cou-
pling constant J determines the energy scale and is set to 1.
When both parameters ∆ and λ are simultaneously equal
to zero, Hˆ describes the XX model and can be mapped onto
a system of noninteracting spinless fermions, being trivially
solvable [55]. When λ = 0 and ∆ 6= 1, we have the XXZ
model, which is still integrable but now solved by means of
the Bethe ansatz [56]. When λ 6= 0 the system is noninte-
grable and may become chaotic [57, 58]. Notice that we re-
fer here to the XX and the XXZ Hamiltonian when only NN
couplings are present, so both cases correspond to integrable
models.
The purpose of the small defect on the first site of the chain
is to break trivial symmetries, such as parity, conservation of
total spin, and spin reversal [59, 60], without breaking the in-
tegrability of the system [61]. We fix ǫ = 0.1J . Conserva-
tion of total spin in the z direction, Sˆz = ∑n Sˆzi , is a re-
maining symmetry. We deal with the subspace that has L/3
up spins, implying dimension D = L!/[(2L/3)!(L/3)!] and
Sz = −L/6.
Four quenches are investigated. Two of them involve only
integrable Hamiltonians (λ = 0), ∆ being the parameter
changed:
(a) ∆I = 0 → ∆F = 1.5: from the XX model (nonin-
teracting Hamiltonian) to the XXZ model (interacting
Hamiltonian).
(b) ∆I = 1.5 → ∆F = 0: from the XXZ model (inter-
acting Hamiltonian) to the XX model (noninteracting
Hamiltonian).
The other two quenches have fixed the value of the anisotropy,
∆ = 0.5, so that the Hamiltonians are always interacting ones.
The quenches involve one strongly chaotic Hamiltonian (λ =
1) and an integrable one:
(c) λI = 1 → λF = 0: from a chaotic Hamiltonian to the
integrable XXZ model.
(d) λI = 0 → λF = 1: from the XXZ Hamiltonian to a
chaotic system.
Notice that for the quenches above, the perturbation is
strong, as shown in Refs. [33, 34]. As the perturbation in-
creases from zero, the shape of the initial state (that is, the
distribution of the components |Cnα |2 in Eα) expands from a
delta function to a Breit-Wigner (Lorentzian) form and even-
tually becomes a Gaussian function as determined by the en-
ergy shell. In this paper, we are already in the limit where a
Gaussian shape is expected.
V. NUMERICAL RESULTS
We analyze a broad range of initial states with energies cov-
ering the lower half of the spectrum of the final Hamiltonian.
They correspond to eigenstates of HˆI and are selected accord-
ing to the value of their energy with respect to HˆF , from very
close to the ground state to very close to the middle of the
spectrum. For each temperature T ∈ [0.1, 100] (Boltzmann
constant kB = 1), we select the state whose energy Eini is
closest to
E =
1
Z
∑
α
Eαe
−Eα/T , (11)
where Z =
∑
α e
−Eα/T is the partition function. Low tem-
peratures mean energies close to the edge of the spectrum,
while high temperatures correspond to energies close to the
middle of the spectrum.
We start by studying how the structure of the initial states
with respect to HˆF changes as T increases and then compare
it with the results for the observables. To have a quantitative
estimate of the proximity between the results from the diag-
onal ensemble and those from the microcanonical ensemble,
we compute their relative difference. For a generic observable
Oˆ, this difference is defined by
δ O =
|〈Oˆ〉DE − 〈Oˆ〉ME|
|〈Oˆ〉DE|
. (12)
To compute the microcanonical averages, we used ∆E = 0.4.
We verified that the results were not dependent on this value.
Unless indicated, the figures are obtained for L = 18 lead-
ing to D = 18 564. Full exact diagonalization is used.
A. Structure of the initial state
In Fig. 1, we compare the distribution of |C iniα |2’s as func-
tion of the eigenvalues Eα with the energy shell for two tem-
peratures and four quenches. In correspondence with the
5Gaussian density of states [62], the filling of the shell im-
proves as T increases and the state approaches the middle of
the spectrum. In the case of quenches involving two integrable
Hamiltonians the improvement is substantial [Figs. 1 (a) and 1
(b)]. It is significant also for the quench from an integrable to
a chaotic Hamiltonian [Fig. 1 (d)], confirming the importance
of being away from the edges of the spectrum even when the
final Hamiltonian is nonintegrable. For these three quenches,
(a), (b) and (d), the skewed shape of the initial state towards
low energies is evident when T is small. In contrast, the shape
of the initial state coming from a chaotic Hamiltonian is not
much affected by the temperature [Fig. 1 (c)].
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FIG. 1: (Color online) Distribution of the components of the initial
state in the energy representation compared with the energy shell.
The pairs of top and bottom panels are labeled according to the
quenches, as in Sec. IV: (a) XX→XXZ; (b) XXZ→XX; (c) chaotic
Hˆ → XXZ; (d) XXZ → chaotic Hˆ. Results for two different tem-
peratures are shown: T = 0.7 in the top panel of the pair (energy
shell in black solid line) and T = 4.0 in the bottom panel (energy
shell in green dashed line). The energies and variances for low and
high temperature are, respectively, : (a) E ini ≈ −4.48, σ2 ≈ 1.17
and E ini ≈ −0.64, σ2 ≈ 1.81. (b) E ini ≈ −2.53, σ2 ≈ 0.67
and E ini ≈ −0.52, σ2 ≈ 0.83. (c) E ini ≈ −2.04, σ2 ≈ 1.45 and
E
ini ≈ −0.46, σ2 ≈ 1.22. (d) E ini ≈ −3.41, σ2 ≈ 1.12 and
E
ini ≈ −0.77, σ2 ≈ 1.21.
For a more quantitative picture of the filling of the shell,
we show in the top panel of Fig. 2 the least square between
the distribution of |C iniα |2 and the energy shell. The im-
provement in the filling of the shell with T is evident for all
quenches, but the least square values are overall smaller for
the quenches involving a chaotic Hamiltonian and more fluc-
tuating for the quenches between integrable Hamiltonians, es-
pecially for XXZ→XX. We notice that the constant values of
the least squares at very low temperatures [more pronounced
for quenches (c) and (d)] is due to the lack of states in that
region of the spectrum, so close temperatures lead to the se-
lection of the same initial state.
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FIG. 2: (Color online) Least square between the distribution of
|C iniα |
2
’s and the energy shell (top panel), inverse participation ratio
(middle panel), and variance of the energy shell (bottom panel) vs T
for the following quenches: XX → XXZ (green empty diamonds);
XXZ→XX (blue empty triangles); (c) chaotic Hˆ→XXZ (red filled
squares); (d) XXZ → chaotic Hˆ (black filled circles).
The middle panel of Fig. 2 shows the value of IPRini vs T
for the four quenches. It increases with temperature and then
saturates. The largest values are reached for the quenches in-
volving a chaotic Hamiltonian, but even in these cases, when
L = 18, IPRini is ∼ 2/3 of the GOE value D/3 (the lat-
ter is indicated with a thick dashed line in the figure). For
the quenches with two integrable Hamiltonians, IPRini is even
smaller and large fluctuations are seen, especially for XXZ→
XX. Therefore, none of the initial states correspond to ther-
mal states at infinite temperature. But more important than
the actual value is how IPRini scales with system size.
The scaling of IPRini with L, or equivalently the scaling of
the diagonal entropy [63] with L [22] followed by a compar-
ison with the thermodynamic result, is essential to determin-
ing whether thermalization will indeed occur at L → ∞. If
IPRini ∝ D, we would have similar and unbiased participation
of the energy eigenstates inside the energy shell and therefore
good agreement with microcanonical averages. This would
imply also the improving filling of the energy shell with sys-
tem size, since the width of the shell for the quenches consid-
ered must grow linearly with L.
It is an open question whether IPRini ∝ D for all four
quenches. Scaling analyses are not possible when HˆF
is nonmappable to a noninteracting Hamiltonian, since ex-
act diagonalization is required. When comparing the ratio
6IPRini/IPRGOE vs T for L = 12, 15, and 18 in Fig. 3, the
latter size leads to an overall smoother behavior and possi-
bly larger values for the quenches involving a chaotic Hamil-
tonian, whereas large fluctuations remain for the integrable
quenches for all system sizes, preventing any general state-
ment.
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FIG. 3: (Color online) Ratio between IPRini and IPRGOE vs T for
three system sizes indicated in panel (a). Quenches as in Fig. 1.
On the other hand, the filling of the energy shell indeed im-
proves with L for all four quenches. This is shown in Fig. 4,
where three system sizes are considered. The improvement is
significant for quenches involving a chaotic Hamiltonian and
also for the XX → XXZ case. The usual large fluctuations
of the XXZ → XX quench are present, but even here an im-
provement is noticeable. If the initial state is truly chaotic in
the sense of filling the energy shell, an unbiased sampling of
the energy eigenstates should occur and lead to thermaliza-
tion. The results of Fig. 4 point in this direction.
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FIG. 4: (Color online) Least square between the distribution of
|C iniα |
2
’s and the energy shell vs T for three system sizes indicated
in panel (a). Quenches as in Fig. 1.
It is informative to look also at the width σ of the energy
shell as a function of temperature (bottom panel of Fig. 2).
According to Eq. (7), the width of the shell is related to the
number of states that are directly coupled with the initial state,
that is, it quantifies the level of connectivity of the initial
state [33, 34]. The lowest connectivity is seen for the quench
XXZ → XX, which also fluctuates significantly. In contrast,
σ2 for the reverse quench, XX → XXZ, reaches the largest
values. The smoothest behavior with temperature occurs for
the quench where λI = 1, which leads also to the best filling
of the shell and lowest values of least squares.
From the above results, one cannot rule out the possibil-
ity of thermalization for the four quenches considered, pro-
vided the initial state is away from the edges of the spectrum.
One can, however, suspect the quenches involving only two
integrable Hamiltonians, especially the case XXZ → XX. For
this quench, not only do the three quantities in Fig. 2 fluctu-
ate significantly, but scaling analysis in Ref. [22] discourages
expectations for thermalization. In comparison, the quanti-
ties in Fig. 2 for the reverse case, XX → XXZ, fluctuate
less in the experimentally accessible region of temperatures
in 1 ≤ T ≤ 10. This is probably related to the fact that, de-
spite being both integrable, the XX and the XXZ model are
very different, the first having a much higher number of de-
generacies [36].
B. Local magnetization
The local magnetization, Sˆzi , of each site i is shown in
Fig. 5 for the diagonal (circles) and microcanonical (squares)
ensembles. For each quench, (a), (b), (c), and (d), the upper
panel depicts results for an energy close to the edge of the
spectrum (T = 0.7), while the lower panel is for an energy
close to the middle of the spectrum (T = 4.0).
When the temperature is low, the local magnetization shows
a strong dependence on the site. This happens for all quenches
and is more pronounced at the borders of the chain. As the en-
ergy of the initial state approaches the middle of the spectrum,
the dependence on the sites almost disappears. A slightly
larger value remains on site 1, because of the inclusion of
the small defect on the chain [Eq. (10)]. For all quenches at
T = 4.0, the results for the diagonal ensemble become close
to those from the microcanonical ensemble. However, the re-
sults are smoother for quenches involving a chaotic Hamilto-
nian than for those where both Hamiltonians are integrable.
The local magnetization is a good observable for illustrat-
ing finite size effects. In the thermodynamic limit, it is irrel-
evant if the boundaries are periodic or open, all sites should
have the same value,
〈Sˆzi 〉 = −1/6,
which is indicated in the figure with a solid line. The fact
that we are further from this scenario for quenches (a) and
(b) shows how sensitive quenches with only integrable Hamil-
tonians are to finite system effects. The relative difference
[Eq. (12)] for the local magnetization, shown in Fig. 6, indi-
cates that this problem is more evident for quench (b) [XXZ
→ XX] . For each quench in the figure, we choose a site for
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FIG. 5: (Color online.) Absolute value of the local magnetization
for all sites. Comparison between the profiles resulting from the di-
agonal (black circles) and microcanonical (red squares) ensembles.
Green solid line is the homogeneous result -1/6. Quenches as in
Fig. 1. For each quench, the upper panel shows results for T = 0.7
and the lower panel shows results for T = 4.0.
which the decay of δSzi with temperature is noticeable. For
quenches (a), (c) and (d), despite fluctuations, various sites
show similar behavior, the infinite time average approach-
ing the thermal result (and the homogeneous -1/6 value) as
T increases. For quench (b) the decay for most sites is
not visible due to large fluctuations. The site selected is
one of the best behaved. Notice also that, when compar-
ing quenches between integrable Hamiltonians with quenches
with one chaotic Hamiltonian, δSzi for the latter is approxi-
mately one order of magnitude smaller.
C. Spin-spin correlation
The spin-spin correlations between neighboring sites in the
middle of the chain are given by
CµµL/2,L/2+1 = 〈SˆµL/2SˆµL/2+1〉, µ = x, z. (13)
Figure 7 shows the behavior of the longitudinal spin-spin
correlation, CzzL/2,L/2+1, vs temperature. As T increases,
CzzL/2,L/2+1 approaches the result for an initial thermal state
at infinite temperature,
(CzzL/2,L/2+1)T→∞ =
L− 9
36(L− 1) ,
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FIG. 6: (Color online.) Relative difference of the local magnetization
vs T . Quenches as in Fig. 1. The site considered is indicated in the
panels.
but does not equal it, indicating that the initial states
considered are not completely extended. The value for
(CzzL/2,L/2+1)T→∞ is obtained assuming that the average of
|C iniα |2 is 1/D, as in the case of eigenstates from full ran-
dom matrices [6] [see discussions in Sec. III.A)]. Comparing
the results from quenches with two integrable Hamiltonians
[Figs. 7 (a) and 7 (b)] with those with one chaotic Hˆ [Figs. 7
(c) and 7 (d)], we see that the latter are smoother, especially
for the case λI = 0 → λF = 1. For this quench, the results
from DE for the correlations between second and third neigh-
bors are also smoother than for the other quenches and very
similar to the results from the ME (not shown).
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FIG. 7: (Color online.) Longitudinal spin-spin correlation
C
zz
L/2,L/2+1 vs T for the diagonal (black circles) and microcanon-
ical (red squares) ensembles. Quenches as in Fig. 1. The green solid
line indicates the result for a thermal state at infinite temperature.
8In Fig. 8 we show the absolute value of the difference,
δAC
zz
L/2,L/2+1 =
∣∣∣(CzzL/2,L/2+1)DE − (CzzL/2,L/2+1)ME
∣∣∣
(14)
versus temperature. Since correlations can go to zero, this is
a more appropriate quantity than the relative difference. The
results for δACzzL/2,L/2+1 mirror the filling of the energy shell.
As the initial state approaches the middle of the spectrum, the
difference between diagonal and microcanonical averages, de-
spite fluctuating, decreases for all quenches. The values are
smaller for the quenches with λ 6= 0 [Figs. 8 (c) and 8 (d)]. In
the particular case of XXZ → chaotic HˆF [Fig. 8 (d)], the de-
cay with T is not significant, being slightly perceptible in the
region 1 ≤ T ≤ 10, but comparing with the other quenches,
it reaches the smallest values of δACzzL/2,L/2+1.
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FIG. 8: Absolute diference between (CzzL/2,L/2+1)DE and
(CzzL/2,L/2+1)ME vs T for two system sizes indicated in panel (a).
Quenches as in Fig. 1.
Figure 8 shows results for two system sizes, L = 12 (tri-
angles) and L = 18 (circles). The decay of δACzzL/2,L/2+1
with L is evident for the quenches involving a chaotic Hamil-
tonian [Figs. 8 (c) and (d)], especially for XXZ→ chaotic HˆF
[Figs. 8 (d)], therefore indicating the coincidence of DE and
ME in thermodynamic limit. For the integrable quenches, the
decay with system size is far from obvious, but still conceiv-
able.
As for the transverse spin-spin correlation, it vanishes at
high temperature, but the behavior of δACxxL/2,L/2+1 with tem-
perature is similar to that of δACzzL/2,L/2+1.
D. Structure factor
The structure factor, defined as the Fourier transform of the
spin-spin correlations [64], corresponds to
Sˆµµ(k) =
1
L
L∑
l,j=1
Sˆµl Sˆ
µ
j e
−ik(l−j), µ = x, z. (15)
Figure 9 shows results for the diagonal (full symbols) and mi-
crocanonical (empty symbols) ensembles for the transverse
structure factor Sˆxx(k) and two temperatures. The results for
Sˆzz(k) (not shown) are qualitatively similar, apart from the
value for momenta k = 0, 2π, which is constant and given by
〈Sˆzz(0, 2π)〉 = L/36 for Sz = −L/6.
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FIG. 9: (Color online.) Transverse component of the structure factor,
S
xx(k). Quenches as in Fig. 1. Two temperatures are shown. Filled
symbols are for the diagonal ensemble: T = 0.7 (green diamonds)
and T = 4.0 (black circles). Empty symbols are for the microcanon-
ical ensemble: T = 0.7 (blue triangles) and T = 4.0 (red squares).
The green solid line indicates the result for a thermal state at infinite
temperature.
As seen in the figure, when the energy of the initial state
is close to the edge of the spectrum (T = 0.7), both
〈Sˆxx(k)〉DE and 〈Sˆxx(k)〉ME have a strong dependence on
k for all quenches. This dependence was observed also in
Ref. [65], where the initial state was prepared in the ground
state of HˆI . When HˆF has only nearest neighbor couplings, a
single peak emerges for k = π, whereas two peaks exist when
second neighbors are included. As Eini approaches the middle
of the spectrum (illustrated for T = 4.0), the k-dependence
decreases drastically for all quenches. The results get close,
but not equal, to that for a thermal state at infinite temperature,
〈Sˆxx(k)〉T→∞ = 1/4.
In Figs. 10 and 11, we show δSxx(π) and δSzz(π), respec-
tively. The decay with temperature for these observables is
9overall less pronounced than for the spin-spin correlation. It
is particularly subtle for the integrable quenches. In this case,
it is questionable that one can indeed discern a decay amid the
fluctuations.
The values of δSµµ(π) reached for the quenches involv-
ing λ 6= 0 [panels (c) and (d) in Figs. 10 and 11] are, once
again, smaller than for quenches between integrable Hamilto-
nians [(a) and (b)]. In comparing the directions, the values of
δSzz(π) [Figs. 11 (c) and 11 (d)] are smaller than those for
δSxx(π) [Figs. 10 (c) and 10 (d)].
With respect to system size, the decay with L is noticeable
in panels (c) and (d) in Figs. 10 and 11. For the integrable
quenches, it is also suggested for Szz(π) for XX → XXZ
[Fig. 11 (a)]. Nevertheless, even if a decay withL really exists
for the integrable quenches in some regions of the spectrum,
it must be much slower then when a chaotic Hamiltonian is
present.
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FIG. 10: (Color online.) Relative difference for the structure factor
in the x direction vs T for two system sizes indicated in panel (a).
Quenches as in Fig. 1.
E. Discussion
As the temperature increases, the results for the observables
after relaxation become smoother in position and momentum.
They approach the results obtained with thermal states at in-
finite temperature, but do not equal them. Even though the
initial states for all quenches get more delocalized as they get
closer to the middle of the spectrum, they are not equivalent to
the totally delocalized eigenstates from full random matrices.
For spin-spin correlations, the difference between diago-
nal and microcanonical ensemble decreases with T for all
quenches, but for the structure factor, the picture is less
clear. 〈Sˆµµ(π)〉DE approaches 〈Sˆµµ(π)〉ME, especially in the
z direction, for quenches involving one chaotic Hamiltonian,
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FIG. 11: (Color online.) Relative difference for the structure factor
in the z direction vs T for two system sizes indicated in panel (b).
Quenches as in Fig. 1.
whereas for quenches between two integrable Hamiltonians,
large fluctuations prevent conclusive statements.
Our results give strong indications that the differences be-
tween the infinite time average and the thermodynamic en-
semble decrease with system size when one of the Hamiltoni-
ans in the quench is chaotic. For the integrable quenches, the
fluctuations are large, although a decay is suggested in Fig. 11
(a). The better filling of the energy shell with L for all four
quenches also gives support to the possibility of thermaliza-
tion at L → ∞ even for integrable quenches. However, de-
tailed scaling analyses are still missing and they are essential
for final conclusions.
In Ref. [21], a study of how the temperature of the initial
state affects the properties of the system was also developed.
The initial states were thermal (mixed) states evolving accord-
ing to a Hamiltonian for hard-core bosons mapped onto nonin-
teracting fermions. Scaling analysis is possible in this case. It
was shown that thermalization could only happen for thermal
states at infinite temperature. The same may or not be the case
when interactions are present, such as for the XXZ model. As
mentioned, the XX and the XXZ models differ significantly
in terms of degeneracies [36].
We notice that several works have shown that thermaliza-
tion does not happen for quenches between two noninteracting
integrable Hamiltonians [17, 66–70]. In the present work we
have studied quenches between different integrable models,
including interacting ones [71–73], or between an integrable
and a chaotic Hamiltonian. These scenarios have been much
less explored.
10
VI. CONCLUSIONS
An important factor determining the viability of thermal-
ization in isolated quantum many-body systems is the chaotic
structure of the initial state with respect to the Hamiltonian
that evolves it. If the initial state fills the energy shell, ther-
malization may happen even when ETH is not satisfied, as in
cases where the final Hamiltonian is integrable.
Here, we studied the scenario of strong perturbation, where
the expected shape of the initial state is Gaussian. This is,
however, not any Gaussian function, but the one correspond-
ing to the energy shell with width given by the energy distri-
bution of the initial state. We analyzed how the filling of the
energy shell improves as the initial state approaches the mid-
dle of the spectrum and how this affects the results for differ-
ent observables. None of the finite systems considered, where
only few-body interactions are present, lead to completely ex-
tended initial states. Thus, none of them correspond to ther-
mal states at infinite temperature. Nevertheless, they further
delocalize as the temperature increases for all quenches con-
sidered, those involving only integrable Hamiltonians: XX→
XXZ and XXZ → XX, and those with one chaotic Hamil-
tonian: XXZ → chaotic model and chaotic Hamiltonian →
XXZ.
As the initial state further spreads out with temperature, the
results for the observables become smoother and the infinite
time averages (diagonal ensemble) approach the thermal av-
erages (microcanonical ensemble). This behavior is more ev-
ident when one of the Hamiltonians of the quench is chaotic.
In the presence of one chaotic Hamiltonian, the approach of
the two ensembles as system size increases is also more per-
ceptible.
Scaling analyses are crucial to resolving whether thermal-
ization can indeed occur for the four quenches studied here.
When comparing L =12, 15, and 18, we see that the filling
of the energy shell improves for all quenches, this being more
significant when the final Hamiltonian is interacting. Such
spreading of the initial state with respect to the shell suggests
that the diagonal ensemble should indeed approach the ther-
modynamic ensemble as L increases, because filling of the
shell implies an unbiased sampling of the energy eigenstates.
Nevertheless, larger system sizes and detailed scaling analy-
sis for the observables are necessary to make this statement
definitive.
Another essential aspect for future studies is the specifica-
tion of the threshold in temperature above which thermaliza-
tion holds and how it depends on the model and system size.
If thermalization can occur only for initial states too close to
the middle of the spectrum, the temperatures involved are un-
realistically large and not of practical use.
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